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TECHNICAL NOTE
ERROR PROPAGATION FOR RELATIVE MOTION DETERMINED  
FROM MARKER POSITIONS
Xunhua Yuan,* Leif Ryd* and Leendert Blankevoort|
* Department of Orthopaedics, University Hospital, S-221 85 Lund, Sweden; and f  Biomechanics Section,
Institute of Orthopedics, University of Nijmegen, Nijmegen, The Netherlands
Abstract— In this paper, the error propagation for relative motion reconstructed from noisy marker position data 
was investigated, particularly the influence of the distance between two rigid bodies was explored. Based on 
a mathematical derivation, an error propagation model for relative motion was proposed and computer simula­
tions were used to validate the proposed model. The results indicated that the error in the translation components 
for relative motion between two rigid bodies are proportional to the distance between the rigid bodies. The 
maximum absolute difference between the model and the simulation is 0,58% which strongly validated the 
accuracy of the error propagation model. ©  1997 Elsevier Science Ltd
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IN TRO D U CTIO N
Determination of motion of the skeletal system usually involves rigid- 
body kinematic analysis. These rigid bodies are defined by discrete 
points of measurements, which are constituted of internal markers, for 
example, tantalum beads, or of external clusters of points attached to 
the bodies by percutaneous pins, or glued to the skin. À limitation of the 
technique lies in the fact that measurements of these markers involves 
errors and the propagation of these errors will affect the final motion 
analysis. Particularly for small motions and for small marker configura­
tions, such as Roentgen stereophotogrammetric analysis (RSA) of joint 
prosthesis micromotion (Ryd, 1986) and joint kinematics after ligament 
reconstruction, this may seriously affect the accuracy.
Woltring et al. (1985) investigated the relationship between the 
marker position errors and the rigid-body motion errors, and presented 
an error model valid for isotropic marker distributions. Using com­
puter simulations, Spoor (1984) validated Woltring’s model. It should 
be noticed that Woltring’s model was derived for single rigid-body 
motion referred to as absolute motion. In reality, the motions between 
different rigid bodies, termed relative motion, has acquired considerable 
popularity. Although Woltring’s model has often been used to estimate 
the errors of relative motion in vivo or in vitro, it was not validated for 
relative motions between bodies, which is mathematically more com­
plicated (Woltring et al., 1985). Spoor (1984) stated that relative 
motions can be composed of two unrelated absolute motions and the 
standard deviation of the relative motion errors (helical rotation and 
helical direction) can be obtained by multiplying Woltring’s error 
model by a factor 2, if two adjacent rigid bodies have the same value of 
effective marker distribution radius (/>). However, this was not formally 
proved.
This study was focused on the error propagation for relative motion, 
especially addressing the effect of the distance between two rigid bodies. 
An error propagation model was proposed and computer simulations 
were used to validate this model.
METHOD
There are three ways of describing rigid-body motions, by means of 
helical axes, by Euler parameters or by attitude vectors (Woltring,
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1994). This study was focused on the Euler parameters, i.e. translations 
and rotations, because these are the most common motion descriptors 
in biomechanics. For those studies in which the rotations are small, as 
for example in the evaluation of micromotion between bodies, the 
helical axis parameters are not a good choice because of the high 
sensitivity to marker positions errors (Woltring el ai, 1985). This 
limitation was avoided in the present study.
Consider two rigid bodies 1 and 2 in an absolute reference system. 
The absolute position and orientation of bodies 1 and 2 are given by the 
position vectors Di and D2, and the rotation matrices and R2. The 
relative position cl12 and orientation Rl2 of body 1 relative to body 
2 are given by
d12 = R2- ‘ (D, - D 2),
R] 2 ”  R2 *Rl«
By taking the variation of equation (1), we get
ÔR2 1 (Ö j -  D 2) -1- R J ^ D i  -  <SDa), 
öi\[2 =  (5R2 ' ( R ^ ' R ^ D ,  -  D 2) +  R 2 l(ÆD, -  ÖDjI
S n ï1 xfRr^Dj -  Di)) *1- R2 -  0D2).
(1)
(2)
(3a)
in which Ôn2 v is the axial vector of rotation matrix R2 1 delined by
$71 x w = <5R(R)Tw (3b)
for any vector w.
If the rotations i/y2, to2, 02 occur around the body-fixed axis x, y, z of 
body 2, and we assume the rotations to be small, then the axial vector
r “""eni.“
$ti2 1 = [-<5i//2, — — ^^2] r • (4)
The first term of equation (3a) represents the distance effect. 
The variation of the translation of body 1 relative to body 
2 depends on the variation of the rotations [ — <5i//, — öo), -(')<’/>] of body
2 and is proportional to the distance {D\ — D2) between body 1 and 
body 2.
According to the mathematical derivation above, we round the rela­
tive motion errors related to the distance between two rigid bodies 
Combining the other factors such as marker positions error, the size 0 
rigid body and the number of markers, we propose the following crro
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propagation model for the relative motion:
2(7 2a
fUipl ' m2p2
(5a)
i¥=j ^  k =  x, y, z,
2(t2 2a
&ÏÏ — + +
2 a
m m m2p\
(idj + dk\ (5b)
here a is the standard deviation of the marker position errors, m the 
number of markers, p  the effective marker distribution radius, with 
p 2 =  2/3r 2, where r is the root mean square (RMS) distance between the 
markers and their center of gravity, Q\ the rotation angle about the rth 
Cartesian coordinate axis, T(- the translation component along the Zth 
Cartesian coordinate axis, di the distance between two rigid bodies, 
i =  x, .V, z.
If the rigid-body 1 and rigid-body 2 have the same size and the same 
number of markers, the above formula is reduced to
4 a2
(Tq 2 •
mpz
(6 a)
î  k =  x, y, z,
(6b)
m mp
To validate the proposed error propagation model, computer simula­
tions were performed. The numerical three-dimensional coordinates of 
marker positions were simulated as true positions perturbed by ran­
domly generated errors. For fitting the isotropic error distribution, the 
error for each coordinate had the same standard deviation (S.D.) with 
normal distribution (zero mean, uncorrelated) in the range of ± 2  S.D. 
All the error data were saved for repeated use. Each marker was 
positioned al vertices of a cube to maintain the condition of isotropic 
marker distribution.
The simulation was divided into two groups. The first group evalu­
ated the distance effect. Nine different distances between the two rigid 
bodies were set from 0 to 70 mm. The second group focused on the 
influence of the rigid-body size, number of markers and motion steps. 
Three different sizes (p = 7.07, 14.14, 21.21 mm) of the rigid bodies and 
two different numbers of markers (m =  8 and m =  4) were taken into 
account. To simplify the study of the motion step effect, five rotation 
steps {(/) =  0°, 1°, 5°, 10ü, 20°) and five translation steps (t — 0, 1, 2, 5, 
10 mm) were selected and motions were performed about or along the
x-axis. A computer program was written in MATLAB (The Math- 
works, Inc.), based on the algorithms of relative motion calculation 
presented by Söderkvist et a l  (1993). For each set of parameters, the 
calculation was performed 1000 times and the standard deviation of 
these calculations were determined and compared with the prediction 
of the model.
RESULTS
The distance between the rigid bodies had a profound influence on 
the error propagation for relative motion. The calculations for the nine 
different distances (Table 1) indicated that the error propagation for the 
translations is almost linearly proportional to the distance, when the 
distance is larger than the size of rigid body. If the inter-body distance 
was along the x-axis, the translation components for y- and z-axis were 
affected. Comparing the results of simulation and model, the maximum 
absolute differences were found to be 0.15% for rotation and 0.06% for 
translation.
The rigid-body size and the number of markers are the other two 
important factors which affected the error propagation for relative 
motion. The results of five combinations for the effect of the number of 
markers and the rigid-body size are listed in Table 2, which show that 
the maximum absolute differences between the simulation and the 
model were 0,58% for rotation and 0.04% for translation, respectively. 
Increasing the size of the rigid body 1 (pt) will decrease the error of 
rotation, but will not affect the translation error. The rotational error is 
inversely proportional to the rigid-body size. Increasing the num ber of 
markers (m) will decrease the error both in rotation and in translation. 
The magnitude of marker position error is linearly proportional to both 
the rotation and translation error.
DISCUSSION
Previously, the distance effect was rarely considered as an im portant 
factor to influence the error of rigid-body motion. Even though some 
investigators mentioned this phenomenon (Quinn et al. 1990), it is still 
considered as a weakness of the technical method rather than a limita­
tion of the mathematical calculations themselves. Our investigation 
revealed that the distance between different rigid bodies will profoundly 
influence the translational error and this effect depends on the orienta­
tion. If the inter-body distance is along the x-axis, then the translational 
accuracy along the y- and z-axis will be affected, Assuming the x-axis as
Table 1. Error of the rotations and translations expressed as standard deviation, computed for varying distances dx between two rigid 
bodies. The two rigid bodies have different sizes (pj =  7.07, p2 =  14.14 mm) and different marker numbers (mi =  4, m2 =  8). The standard
deviation (c) of the marker position error per axis is 0.02 (mm)
dx
(mm)
Errors with respect to
Ö*
(deg.)
o,
(deg.)
e.
(deg.)
T1  ,v
(mm)
Tl y
(mm)
T.
(mm)
Simulation 0 0.1241 0.1266 0.1222 0.0175 0.0173 0.0170
1 0.1241 0.1266 0.1222 0,0175 0.0173 0.0170
2 0.1241 0.1266 0.1222 0.0175 0.0174 0.0170
5 0.1241 0.1266 0.1222 0.0175 0.0177 0.0172
10 0.1241 0.1266 0.1222 0.0175 0.0187 0.0182
20 0.1241 0.1266 0.1222 0.0175 0.0223 0.0219
30 0.1241 0.1266 0.1222 0.0175 0.0272 0.0271
45 0.1241 0.1266 0.1222 0.0175 0.0359 0.0363
70 0.1241 0.1266 0.1222 0.0175 0.0519 0.0531
Model 0 0.1221 0.1221 0.1221 0.0174 0.0174 0.0174
1 0.1221 0.1221 0.1221 0.0174 0.0174 0.0174
2 0.1221 0.1221 0.1221 0.0174 0.0175 0.0175
5 0.1221 0.1221 0.1221 0.0174 0.0178 0.0178
10 0.1221 0.1221 0.1221 0.0174 0.0188 0.0188
20 0.1221 0.1221 0.1221 0.0174 0.0225 0.0225
30 0.1221 0.1221 0.1221 0.0174 0.0275 0.0275
45 0.1221 0.1221 0.1221 0.0174 0.0364 0.0364
70 0.1221 0.1221 0.1221 0.0174 0.0527 0.0527
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Table 2. Error of the rotations and translations expressed as standard deviation calculated for varying marker numbers and varying rigid-body 
sizes. The centers of the two rigid bodies coincide and the standard deviation (er) of the marker position error per axis is 0.02 (mm)
Errors with respect to
Ox
(deg.)
0,
(deg.)
o,
(deg.)
T1 X
(mm)
TÀ J1
(mm)
Tj. z
(mm)
Simulation m — 8, pi =  7.07, p 2 == 14.14 0.0912 0.0915 0.0908 0.0142 0.0143 0.0143
m =  4, pi — 7.07, p 2 =  14.14 0.1292 0.1346 0.1302 0.0199 0.0203 0.0198
mi — 4, m2 =  8, p =  7.07 0.1416 0.1465 0.1401 0.0175 0.0173 0.0170
/»! = 8, m2 =  4, p =  7.07 0.1414 0.1458 0.1392 0.0174 0,0176 0.0174
111 ! := 4, m2 =  8, p i  =  14.14, p 2 =  7.07 0.0992 0.1035 0.0983 0.0175 0.0173 0.0170
Model m = 8, pi =  7.07, p 2 =  14.14 0.0910 0.0910 0.0910 0.0142 0.0142 0.0142
m =  4, pi — 7.07, p 2 =  14.14 0.1288 0.1288 0.1288 0.0201 0.0201 0.0201
Ï7Ïi =  4, m2 =  8, p — 7.07 0.1410 0.1410 0.1410 0.0174 0.0174 0.0174
mi =  8, m2 =  4, p =  7.07 0.1410 0.1410 0.1410 0.0174 0.0174 0.0174
mi ■= 4, m2 =  8, p i  =  14.14, p j  — 7.07 0.0997 0.0997 0.0997 0.0174 0.0174 0.0174
Table 3. Error of the rotations and translations expressed as standard deviation computed for the different motion steps.
Two rigid bodies have the same size (p =  7.07 mm) and the same marker numbers (m —  8). The centers of the two rigid bodies
coincide and the standard deviation (<r) of the marker position error per axis is 0.02 mm
Motion steps Errors with respect to
(j) t 0X 0, (I T1 X T1 .V Ts
(deg.) (mm) (deg.) (deg.) (deg.) (mm) (mm) (mm)
Simulation 0° 0 0.1147 0.1175 0.1142 0.0142 0.0143 0.0143
1° 0 0.1147 0.1175 0.1142 0.0142 0.0143 0.0143
5° 0 0.1145 0.1175 0.1143 0.0142 0.0143 0.0143
10° 0 0.1144 0.1174 0.1145 0.0142 0.0143 0.0143
20u 0 0.1141 0.1170 0.1149 0.0142 0.0143 0.0143
0° 0 0.1147 0.1175 0.1142 0.0142 0.0143 0.0143
0° 1 0.1147 0.1175 0.1142 0.0142 0.0144 0.0144
0° 2 0.1147 0.1175 0.1142 0.0142 0.0146 0.0145
0n 5 0,1147 0.1175 0.1142 0.0142 0.0159 0.0159
0° 10 0.1147 0.1175 0.1142 0.0142 0.0199 0.0202
Model 0.1152 0.1152 0.1152 0.0142 0.0142 0.0142
the helical axis, the distance has no effect on the helical axis. This is 
consistent with previous studies which showed that the helical shift is 
relatively well determined (Woltring et a l ,  1985).
The distance effect we refer to is based on the relative (local) reference 
system. By translating the displacement vector from an absolute (glo­
bal) reference system into a relative reference system, an uncertainty in 
the direction of the calculated displacement vector is introduced. This is 
because the rotation matrix is derived from noisy marker data. The 
greater the inter-body distance, the more the rotation uncertainty 
affecting the relative size of the x, y , and z components of the displace­
ment vector. However, if the absolute reference system is used, the 
magnitude of this vector would not be affected by this inter-body 
distance.
If the two rigid bodies have the same size (p) and the same number of . 
markers (m), the error propagation model (5) will be reduced to equa­
tion (6). For the situation when two rigid-body centers coincide» these 
equations are reduced to Woltring’s model multiplied by a factor of 2. 
In practical kinematic analysis, it is hardly ever the case that two 
rigid-body centers coincided, so a direct application of Woltring’s 
model (Lange et ai, 1990) or following Spoor’s suggestion in the relative 
motion analysis underestimated the error propagation.
The error propagation model indicates that motion errors are 
independent of the magnitude of the motion steps. The simulations 
indicate that this characteristic is not true, as the size of the translation 
step will affect the translation error, especially if the step is larger than 
the size of rigid body (Table 3). However, if the analysis is focused on 
micromotion, as, for example, in RSA analysis of joint replacements 
(Ryd, 1986), the motion step effect becomes very small and can be 
neglected.
The results of the simulations were quite close to those of the model. 
In the study, the simulations were performed 1000 times. This caused 
the accumulation of rounding off errors. This is the reason that the 
simulation results were not identical with those derived from the model. 
As the maximum absolute differences were only 0.58% for rotations 
and 0.04% for translations, it is quite safe to conclude that the error 
propagation model for relative motions is accurate.
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